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ABSTRACT: The ring-closure probability with the end orientations specified, or the corresponding J factor,
as defined as the ratio of equilibrium constants for cyclization and bimolecular association, is evaluated for
a twisted wormlike chain, i.e., a special case of the helical wormlike chain. For large length L of the chain
contour, evaluation is carried out by the use of the Daniels approximation and the weighting function method
previously developed. For small L, the continuous chain is replaced by an equivalent discrete chain in order
to treat directly the configuration integral, taking proper account of fluctuations in the configuration of the
closed ring around its most probable one, the continuous limit being taken at the final stage of calculation.
This is a refinement of the previous approach of Yamakawa and Stockmayer. The evaluation for small L
is carried out through (topological) linking-number-dependent J factors, the sum of which is equal to the
desired J. It is predicted that the oJJ factor as a function of L stays at zero for very small L, then increases
oscillating, and finally decreases monotonically. The derived equations are applied to an analysis of experimental
data obtained by Shore et al. for DNA to determine its bending and torsional elastic constants, or its persistence
length and Poisson ratio, and also the helix repeat.

I. Introduction

For DNA fragments having cohesive ends, Shore et al.!
have recently measured the ring-closure probability, or the
Jacobson—Stockmayer (J) factor,? as defined as the ratio
of equilibrium constants for cyclization and bimolecular
association. The results are in semiquantitative agreement
with the theoretical prediction for the angle-independent
ring-closure probability derived by Yamakawa and
Stockmayer® on the basis of the Kratky-Porod (KP)
wormlike chain.* Strictly, however, the J factor for DNA
is not a smooth function of chain length but seems to
exhibit oscillations for fragments below 500 base pairs.
This may be regarded as arising from the fact that if the
number of base pairs in the DNA fragment is not an in-
tegral multiple of the number of base pairs per helix turn,
i.e., the helix repeat, then the need to twist the DNA helix
in order to make strand ends meet decreases the J factor
significantly for sizes less than 500 base pairs.! Thus we
must consider a more general ring-closure probability with
the end orientations specified. The object of the present
paper is to evaluate it by modeling DNA as a special case
of our helical wormlike (HW) model, >7 i.e., a twisted
wormlike chain.

The HW chain is defined as an elastic wire model with
both bending and torsional energies such that at the
minimum of its total configurational (elastic) energy, its
contour (as a space curve) becomes a regular helix specified
by the constant curvature «, and torsion 7, We can then
affix a localized Cartesian coordinate system [e.(s), e,(s),
e:(s)] to the chain at the contour point s, with e, being
identical with the unit tangent vector u(s) and with e; and
e, being in the directions of the principal axes of inertia
of its cross section at s. For the present purpose, we may
represent DNA by a special case of the HW chain with «,

*This paper is dedicated to Professor Walter H. Stockmayer on
his 70th birthday.
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=0 and 7, # 0, i.e., the KP1 chain,? affixing properly a
localized coordinate system to each base pair.”® Then, at
the minimum of energy, the regular helix above reduces
to a straight line; as the contour distance s is changed, the
localized coordinate system at s moves, rotating about its
¢ axis (contour), the locus of the end of the ¢ or # axis being
a regular helix of pitch 27/ 7, (see Figure 2 of SMHWC-
IX®) and this helix corresponding to one of the sugar—
phosphate backbones. (It is right-handed for 7, > 0 and
left-handed for 7, < 0.) In order to completely define the
model, we need two other parameters, i.e., the bending and
torsional force constants, but it is convenient to use, in-
stead of them, the stiffness parameter A! and Poisson’s
ratio o (see the next section). In the present case (x, = 0),
Al is equal to the Kuhn segment length and twice the
persistence length.> We note that similar elastic models
have been adopted by Fuller,!° Benham,!! and Le Bret!?
in the study of the supercoiling of DNA and by Barkley
and Zimm!® in the study of its dynamics.

Now let r(s) be the radius vector of the contour point
s (0 £ s £ L) of the chain of total contour length L and
let Q(s) = [0(s), p(s), ¥()] (0 <8< 7, 0<¢p <27, 0=y
< 27) be the Euler angles defining the orientation of the
localized coordinate system at s with respect to an external
coordinate system. We can define the conditional dis-
tribution function, i.e., the Green’s function G(R,Q|Qq;L)
of r(L) = R and Q(L) = Q when r(0) = 0 and Q(0) = Q,
R being the end-to-end distance. Following the Jacob-
son—Stockmayer theory? and its extension,'4!® the desired
J factor (in molecules per unit volume) may be related to
the ring-closure probability G(0,92,|Qq;L) as

J = 872G(0,Q0|0:L) 1)

It is, however, important to recall that the reaction
product is not a homogeneous species but rather a mixture
of closed circular DNA with different topological linking
numbers.!%!617 The linking number, which is an integer
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and which we designate by N, is defined as follows.
Suppose that a given (unknotted) closed circular DNA is
deformed smoothly so that its contour (helix axis) may
form a circle in a plane. Then N is the number of rotations
the localized coordinate system at s completes about the
contour as s is changed from 0 to L. We note that it is a
topological parameter and is independent of chain con-
figuration (or deformation). We can then consider the
N-dependent ring-closure probability G(0,Q4|Qy;N,L), so
that

G(0,2)Q0:L) = Ng G(0,2|QpN,L) (2)
It is clear that this G depends on N as |AN|, where
AN =N-1,L/27n (3)

Note that 7ol /2w is the number of helix turns in the
(linear) DNA fragment of length L in its undeformed state
(at the minimum of energy), so that AN is not necessarily
an integer.

The evaluation of the N-dependent ring-closure proba-
bility is, in general, very difficult, but it is rather easy for
short DNA, since the fraction of species with large |AN]|
will be very small. In fact, this can then be achieved by
devising a new approach (a refinement of the method of
Yamakawa and Stockmayer?), i.e., by replacing the con-
tinuous chain by an equivalent discrete chain to treat
directly the configuration integral without recourse to a
solution of the differential equation for the Green’s
function. Thus, for small L, the J factor may be evaluated
from eq 1 and 2. For large L, the Daniels approxima-
tion®!81% and the weighting function method,?’ which are
invalid for small L, may be used for the evaluation of the
N-independent ring-closure probability G(0,Q,|Q;L), i.e.,
the o factor, as done previously for the angle-independent
ring-closure probability G(0;L).>® (These methods are not
applicable at all to the N-dependent ring-closure proba-
bility.)

The plan of the present paper is as follows. In section
II, we evaluate G(0,QQq;N,L) for small L. The new me-
thod is also applied to G(0;L) and G(0,ug|ug;L). The latter
is defined from the Green’s function G(R,u|uyL) of r(L)
= R and u(L) = u when r(0) = 0 and u(0) = u, irrespective
of the Euler angle ¥, where u = (1,6,¢) in spherical polar
coordinates. In section III, we evaluate G(0,Qy|Q;L) for
large L in the Daniels approximation and by the weighting
function method. In section IV, we present numerical
results for the J factor. In section V, we make an analysis
of the data obtained by Shore et al. In the appendices,
details of some mathematical aspects are given.

II. Ring-Closure Probabilities for Small Contour
Length

We divide the continuous chain into n + 1 segments to
replace it by an equivalent discrete chain and evaluate the
ring-closure probability for the latter, extrapolation to n
= » being made at the final stage. Mathematically, the
procedure is equivalent to the direct evaluation of the
functional integral representation of a distribution or wave
function.?® For small L, the energy may be expanded
around its minimum in terms of fluctuations in , and
therefore in twist and writhe,!%1%17 which must be very
small. The configuration integral over the fluctuations may
then be evaluated by an application of the well-known
technique in random flight statistics.?? We note that the
linking number N may then be specified only for the most
probable configuration at the minimum of energy.

A. Potential of the Discrete Chain. We begin by
deriving an expression for the total potential energy U of
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the discrete chain from that for the continuous chain. For
this purpose, we first give a brief description of the latter.
The localized coordinate system at s + As is obtained by
an infinitesimal rotation AQ of the system at s, and the
deformed state of the chain may be determined by the
vector w(s) = (wg, w,, w) = AQ/As (As — 0). For the KP1
chain under consideration, U is given by®

=1 L 2 2 - 2
Us=%J lald +of) + Bla- 07 ds (4)

where « and 3 are the bending and torsional force con-
stants, respectively, and are related to each other by the
equation «/8 = 1 + ¢. The parameter A! is defined by

o = YkyTA-! 3)

where kg is the Boltzmann constant and T is the absolute
temperature. Note that w,® + w,? = & the dot indicating
the derivative with respect to s, so that the term propor-
tional to 8 drops for the original KP chain.?* Recall also
that w may be expressed in terms of the Euler angles as?

wy sin ¥ —sin 6 cos v ol] e
wpl=]cosv sin ¢ sin ¥ 0l]é (6)
we 0 cos 8 1 b

In what follows, all lengths are measured in units of A7,
and kgT is chosen to be unity unless noted otherwise.

Now we consider the discrete chain composed of n + 1
segments numbered 0, 1, ..., n, each having length L/n
except the two end ones of length L/2n. We can affix a
localized coordinate system (e;p, €, e;p) to the pth segment
(p =0, 1, .., n) corresponding to the system [e,(s), e,(s),
e.s)] at s = pL/n of the continuous chain and designate
the associated Euler angles by Q, = (6,, ¢,, ¥,,). The total
potential energy U(Qy, ..., 2,) (in units of kgT) of the
discrete chain with Q, fixed may be written, from eq 4 and
6, as

Uae. = ilu(ﬂp-l,np) M
z

where {Q,} = Qy, ..., Q, and

u(Qp1, ) = u(Q,1,Q,) - Y(sin 6, ) 2(L/n) (8)
with
u®(Q,.1,2,) = (n/4L)((A8,)% + (A¢,)? sin? [Y(6, +

6,01 +
(1 + o) HAg, cos [%al8, + 0,.1)] + Ay, — 7oL /ni?) (9)

It is important to note here that Q, should rather be de-
termined successively from Q, with given AQ, = ¢, - Q,,
= (Aepr A¢p’ A‘l/p) = (Hp - Bp—ly ¢p - ¢p—1, \bp - \bp—l) (p = 17
wy 1), 80 that —o <8, ¢, ¥, < +. We have written down
the bending and torsional pair potential u® following the
maneuver of Feynman and Hibbs?' and moreover added
to it the infinitesimally small potential given by the second
term on the right-hand side of eq 8 in order to make it
possible to evaluate the configuration integral over {Q,}.
The potential U given by eq 7 with eq 8 and 9 is justified
by the fact that it gives a known correct result, as shown
later.
The partition function Z is then given by

Z = {expl-U(2.))] dig,} (10)

with d{Q,} = d©,...dQ, and dQ, = |sin 8,| df, d¢, dy,. If
we change variables from Q, to AQ', = (A0, A¢/p, AY)
= [Ab,, A, sin (8, + 1/,48,), A, cos (6, + 1/,A8,) +
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Figure 1. Removal of the degree of freedom of rotation of the
closed ring about u, = e, which is placed to coincide with e, (see
text).

Ay, - 7oL /n], we can carry out the following integration
over Q;

j‘ exp [‘U(Qp—l!Qp)] dQP =

() a v are1- L +o(£)] v

By successive integrations over Q,, Q,,_4, ..., €, in this order,
Z may then be evaluated to be

7= (%)%/2(1 + a)"/2[1 - i—L + O(Lz)] (12)

B. Linking-Number-Dependent Ring-Closure
Probability. In this subsection, we evaluate the ring-
closure probability G(0,Q,|Q;N,n) for the discrete chain,
which tends to G(0,Q¢|Q;N,L) for the continuous chain in
the limit n — « at constant L. It is clear that G is sym-
metric about u,, and therefore we may remove the degree
of freedom of rotation about it. Suppose that the joint of
the closed chain is fixed at the origin of the external co-
ordinate system (e,, e,, e,) so that e;, = u, coincides with
e,, as depicted in Figure 1. Let Lh be the distance of the
center M of the (n/2)th segment from the x axis, assuming
that n is even, let &) (0 < ®); < 27) be the rotation angle
of M about the x axis, with &y, = 0 when M lies in the xy
plane, and let G(0,Q|Q0;h,Ppm,N,n) be the ring-closure
probability with ~ and &y, also specified. Now we change
&y in such a way that U and therefore this G remain
unchanged. Then e, and e, must change with &y, but
we have

® 27
G(0,20/Q0;N,n) = fo dh ‘fo d@y LhG (0,27, 83,N,n)

= 2rL fo “dh hG(0,04|243h,0,N,n)
(13)

Thus we may consider only the configurations such that
M lies in the xy plane with e, = e,. At this stage, we
reaffix all localized coordinate systems so that e, = —e, and
e, = e,. This does not alter U and G. The new situation
is indicated by the broken lines in Figure 1. Thus we
reinterpret the second line of eq 13 in this fashion. Fur-
ther, we note that if Ry is the z component of the radial
vector of M, then &y = 0 is equivalent to Ry = 0.

Now it is easy to see that h, Ry, and the components
R,, R,, and R, of R in the external coordinate system are
functions of {0,} = Oy, ..., 6, with 6, = (6,,, ¢,). When the
fluctuation is small for small L, G(0,Q|;h,0,N,n) may be
expressed as
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G(0,9|9%:h,0,N,n) = Z-1 f eV diQ, ,}/dR dRy dh  (14)

where d{Q,_,} = d©,...dQ,_; and the integration is carried
out over {Q,_,} with the boundary conditions @, = (x/2, 0,
0) and Q, = (7/2, 27, 27N) (see also eq 19) and subject
to the constraints

Ra({en}) =0 (a =% Y2 M) (15)
h({6.}) = h (16)

If we remove the constraints of eq 15 by introducing
Fourier representations of Dirac’s delta functions,?? we
obtain, from eq 13 and 14

GO, ,n) = @m)*LZ { h(,) exp[-U(R,) +
i ZkoRa(104)] dk di2ys) (17)

with i the imaginary unit and with dk = dk, dk, dk, dky.
The evaluation of this integral consists of three steps: (1)
determination of the most probable (closed) configuration
{Q*_ }, (2) expansion of U, R,, and h in terms of fluctuations
in {Q,} around {Q*,}, and (3) integration over k and these
fluctuations.

First, the configuration {Q*,} may be determined from
the necessary condition for the extremum that the energy
U becomes a minimum with the boundary conditions
above and subject to the constraints of eq 15; i.e.

VQP(U + L%y R)=0 (p=1,.,n-1) (18)

at {Q.} = {Q*.}, where Vo = (3/96,, 8/9¢,, 8/3y,) and v,
are (reduced) Lagrange multipliers. It is evident that one
of the possible configurations {Q*,} is the one for which the
contour is a circle of radius L/27 and w, is a constant
independent of s. In his study of the supercoiling of closed
circular DNA, Le Bret!? has treated the mechanical
problem equivalent to the variational principle above and
has shown that this configuration is stable or metastable
as far as |AN|/(1 + o) < 32, For [AN]/(1 + o) > 31/2, the
circular configuration is never stable and will spontane-
ously assume superhelical forms such as the 8-shaped
configuration. Since G must be much smaller for these
configurations, we confine ourselves to the case of circular
configurations with |AN|/(1 + o) < 3'/2, for which

+ 2mp 2nNp
Q*p = (0*1_7’ ¢*pa w*p) = (E’ T, n (19)

with
Yo =0 forall (20)

Then at {Q,} = {Q*,}, we have
9 2
U* = Zr-[ el ]

h* = ¢ (21)

where h* has been extrapolated to n = «, for simplicity.

Next we consider the fluctuations by setting {Q,} = {Q*,
+ 0Q,} = Q% + 89, ..., O*, + 8Q, with Q*, + 6Q, = (6%,
+ 66, ¢*, + 09, ¥*, + 0Y,). However, in order to carry
out the integration, it is convenient to further change
variables from {6Q,} to {60} by

0, = (80", 6¢'p, 6Y/p)
= (66, 6¢p, cos 86, &) (22)

Correspondingly, {66,} is transformed to {60’,]. Then
U(dQ,), R.(19,)), and k({6,}) may be expanded as power
series in {6Q',} or {60’,}. We write the results in the form
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U = U* + Uy(s,) + Us,) (23)
R, = R,({60'.}) + R,({60",}) (24)
h = h* + h({66',}) (25)

where Uj and R, are the main parts of the fluctuations
and are given by

0 4Lpzl{(60 60;:—1)2 + (6¢,p - 5¢/p—1)2 -

Vi(Bg*)2(86, + 86,-1)% + (1 + o) (8¢, — 8yp1)® +
Y AG)2(30, + 86,.1)% — Ag*(80, + 68, )(8Y, — 8 y) -
AY*(86,, + 86,1)(8¢", — 8¢',1)]} (26)
with Ag* = ¢*, ~ ¢*, | = 2r/n and AY* = y*, - y*,, -
1oL /n = 20AN/n, and by

L2 .
R.y= —;El(l ~ YeBpn)00’, sin ¢*,
- L L 1 ’ *
= ;pgl(l = Yodpn)0¢, cos B*,

L n
Rz,o = "; ; - 1/251:)")549;;

n/2
Ryo=-= Z (1 = Yo p /280, (27)
with &, the Kronecker delta. In eq 23-25, U, R, and h
are higher order terms, for which we omit explicit ex-
pressions.

Now we are in a position to carry out the integration.
We first consider the asymptotic form G, of G, which is
obtained with neglect of U, R,, and h; i.e.

Go(0,2}QN,n) = (2m)2h*LZ™1 exp(-U*) X
[Texp(-Uy + iZhR,0) dk dfs®,1} (28)

where d{6Q’,,_(} = d(6Q’¢)...d(69',_), with d(69’ ) =d(36,)
d(3¢’p) d(0y,) and d(d¢’,) = cos 66, d(d¢,) = sin 6 d(6¢p)
As seen from eq 26, UO isa quadratlc form in {69 n-1y 1tS
associated matrix belng given in Appendix A. If we
transform it to a diagonal form by orthogonal transfor-

mations @ and {69, i} to {6£s, 3} = 6%y, ..., 83,3 DY
3n-3
(50py 5¢/ps 5¢p) = Zlagj(Q3p—2,j: Q3p-1,j1 Q3p,j)
j=
(p=1,.,n-1) (29

then G, may be written as
Go(0,20]Q0:N,n) = (27)3h*LZ exp(-U*) X

3n—
feXP{El ——>\J(6£J)2 + LL}:kauwég]} dk d{o&;, o
(30)

where \; are the eigenvalues of the (3n - 3) X (3n - 3)
matrix A given by eq A2, arranged in increasing order, and
Hoj are given by

n-1

Hyj = _n_lZQiip 17 sin ¢ p
p=1

my; =nt Zlep_lJ cos ¢*,
e

n-1
py = -nt Y Qsp-o;
p=1

n/2
HMmj = -nt Zl(l - 1/25p,n/2)Q3p-2J (31)
p=
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The integral in eq 30 is of the form often encountered in
random flight statistics®® and can readily be evaluated.

However, this requires some comments. Care must be
expended upon the order of integrations, since all A; are
not always positive. Suppose that the first » eigenvalues
Ay, - A, are negative and the remaining ones are positive.
We have found that if integrations are carried out first over
8,415 vy OFan_3, then over k, and finally over 8¢, ..., 8¢, the
integral is convergent for |JAN|/(1 + ¢) < 3!/2 but not for
|AN}/(1 + o) > 32, consistent with the prediction of Le
Bret.!? Fortunately, however, it can be shown that if in-
tegrations are carried out formally first over £y, ..., 6£3,.3
as if all A; were positive, the same result is obtained,
provided that the integral from the former route is con-
vergent. (We can remove zero eigenvalues by properly
choosing n.) In any case, we have

GO(O’QOIQO;Nyn) =
Co(AN,0)L 132 exp(-U*)[1 + YL + O(L?)] (32)

with
3n-3
Co = 2(4m)2[(1 + o)*n~3K [T N2 (33)
j=1

where K is the determinant of the 4 X 4 matrix whose af3
elements K s are given by
3n-3
Koy = L majtsj/ N0 (34)
j=

Next we consider the correction to Gy It may be
evaluated from eq 28 with the integrand multiplied by the
additional factor (1 + h/h*) exp(-U + ik R,) - 1. We
may expand this factor in terms of (8%, ;} and k_, retaining
terms of @(L), where we note that (69’1,)2 = O(L) and k,,
= O(L?/?) as deduced from eq 28 with eq 26 and 27. It
is then necessary to evaluate integrals of the form

H T exp{ - —>‘j(5£j)2 + LLZka#ajagj ]} d{6£3n—3}
(35)

with 1 < m < 6, where T,({6?,_,}) is any of 66,, 86, £ 66, ,
0 py 80’y £ 8¢/ py, BYp, and &p £ 8¢y ;. In other words,
we must evaluate the moments <H T,) of a distribution
function which is proportional to the exponentlal in eq 35.
Since T, may be expressed as linear combinations of
{6633, t ths distribution function is reduced to a multi-
variate Gaussian distribution of T, - (T,) by a slight
modification of the Wang—Uhlenbeck theorem,22 where the
first and second moments ((T,) and (T, T)) are readily
found. With these moments, the desired higher ones may
be evaluated by the method of cumulants.?> The inte-
gration over k that remains can easily be performed.
Thus, G mayBe written in the form

G = Gy[1 + C,(AN,0)L + O(LY)] =

CoL /2 exp(-U*)[1 + (C; + YL + O(LD)] (36)
where we omit an explicit expression for C, as a function
of AN and ¢ because of its length. Note that the parameter

7o appears only in AN. Finally, eq 36 may be better ap-
proximated by

G(0,90|Q0;N,L) =

CoL13/2 expy— — T
g

? (AN)?
[

] + (C; + 1/4)L} (37)

where we assume that the limit n — « has been taken.

The problem that remains is a determination of A;, &,
Co, and Cy, followed by extrapolation to n = », We find
Cy = 7¥2/2(1 + 0)V/? for AN = 0, but, in general, the



Macromolecules, Vol. 17, No. 4, 1984

Table I
Values of the Numerical Constants in Eq 38 and 39

j aoj ai(,)-) d%)

0 2.784 0.2639 -0.0383
1 2.113 0.1399 -0.0827
2 0.6558 -0.1131 0.0125
3 1.719 0.6500 -0.2170
4 -2.478 -1.1223 0.3961
5 2.588 1.0320 -0.3991
6 -1.210 -0.4601 0.1899
7 0.2437 0.0829 -0.0367

analytical treatment is almost impossible. Therefore, we
have numerically solved the eigenvalue problem and
evaluated C, for n = 8, 16, 32, and 64 and C, for n = 4,
8, 16, and 32. The final values of Cy and C, have been
established by extrapolation to n”! = 0. We note that the
error of extrapolation becomes very large as |AN]|/(1 + )
is increased to its critical value 31/2. Good interpolation
formulas for C, and C, have been found to be

Co=(1+ a)-l/ﬁiaoj[AN /(1 + 0)]¥ (38)
j=0

7
C;=X[a +afY/(1 + 0)][AN/(1 + 0)]¥ (39)
j=0
where ay;, @i, and o} are numerical constants. These
have been determined by the method of least squares for
0 <]AN}/(1 + o) < 1.45, and the results are given in Table
I. The values of Cy and C; calculated from eq 38 and 39
agree with the original extrapolated values to within 0.2
and 0.5%, respectively. For |AN]/(1 + o) > 145, G-
(0,Q|Qg;V,L) almost vanishes for L < 3, as shown nu-
merically in section IV, so that we may then put C, = 0.
All numerical work has been done by the use of a FACOM
M-382 digital computer in this University.

C. Other Ring-Closure Probabilities. In this sub-
section, we apply our method to the ring-closure proba-
bilities G(0,ugjug;L) and G(0;L) and also to the quantity
G(-uglugL) defined from the Green’s function G(ujugL).
Although G(—ugjugL) is not a ring-closure probability, its
evaluation serves as a justification of our treatment. Since
all of them are concerned with only the behavior of the
chain contour, the final results may be obtained correctly
even if we do not consider the torsional energy from the
start as in the case of the original KP chain. Therefore,
we drop the term proportional to (1 + o)1 from the U of
the discrete chain and designate the rest by Ug({6,}). We
give only the results with a brief description of the de-
rivation.

We first consider G(0,uy|ugy;L). The corresponding G-
(0,ug|ug;n) for the discrete chain may be written in a form
similar to eq 17

GO, uolugn) = 2r)*LZs™ [ h(8,)) expl-Us(iO,) +
leaRa({en})] dk dten—l} (40)
where Zg is the partition function given by
Zy = [ exp[-Us(i®,)] dio,} =
(%) [1- YL + 0] (4D
with d{6,} = d©,...d6, and dGP = |sin 6,| df, d¢,. The most
probable (closed) configuration is a circle of radius L/2mw;

ie.
* 2mp
ox =X &£
f (2, n) (42)
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with
Y, =0 for all « (43)
and then we have
U*g = x*/L,

The matrix associated with a quadratic form Ug, from Uy
is given in Appendix A. In this case, the factor C in front
of the exponential can be evaluated analytically, and we
obtain the final result

h* = 771 (44)

2
G(O,uglup;L) = 72L8 exp(—% + 0.514L) (45)

Next we consider G(0;L). If G(0,jug;L) is the integral
of G(0,ujugL) over u, it is clear that G(0;L) = G(0,lug;L).
The corresponding G(0,|ug;n) for the discrete chain is given
by eq 40 with d{0,} in place of d{0,_,}. For the continuous
chain, the associated variational problem has already been
solved by Yamakawa and Stockmayer.? If we choose u,
and u* in the xy plane so that the x axis bisects the angle
between u, and u*, as depicted in Figure 1 of ref 3, then
©*, may be expressed in terms of the Jacobian elliptic
function cn (whose parameter is k%)% with s = pL/n

6%, = 7/2
cos ¢*, = 1 - 2 cn? (vjke?) (46)
with
p 1
= op -1 o2 _2
b = 2ky Kk, )(n 2) (47)

Yz = _Z[K(kO_Z)P’

where K(ky?) is the complete elliptic integral of the first
kind.?® Since k, = 1.100,® we have K(k;?) = 2.321, v, =
-10.77, and

Uy = 7.027/L,

Yy=v.=1M=0 (48)

h* = 0.2554 (49)

We note that —4v, is equal to the reduced Lagrange
multiplier v in ref 3 and that Lh is the distance of M from
the initial tangent u, (not the x axis). According to Ya-
makawa and Stockmayer, the most probable configuration
is characterized by the vanishing curvature at the chain
ends. This condition is equivalent to a certain boundary
contggtion imposed in the treatment of the buckling of a
rod.

In this case, v, does not vanish, and therefore Ug, and
also terms involving v, forma quadratic form, which we
designate by Up,. The matrix associated with it is given
in Appendix A. Thus we obtain the final result

L

In eq 62 with eq 60 of ref 3, the factor L™ appears in place
of L™, This is due to the fact that the previous treatment
of the fluctuation is only approximate.

Finally, we consider G(-ug|ug;L). Since R is not fixed,
the corresponding G(-uy|ug;n) for the discrete chain may
be written simply as

G(-uglug;n) = LZB-lf

G(O;L) = 28.01L7® exp(—’mﬁ + 0.492L) (50)

h({6,)) exp[-Ug({6,}) +
ikyRMm(16,)] dky di6,4) (51)

The most probable configuration is a semicircle of radius

L/m; ie.
T TP
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with
ym=0 (53)
and then we have
U*g = 72 /4L, h* = g1 (54)

In this case, the quadratic form is obtained by a slight
modification of Ugy, as noted in Appendix A, and the
factor C, in front of the exponential can be evaluated
analytically. Thus we obtain the final result

2
G(-ugjug;L) = Y,x/2L%/2 exp(—Z—L + 0.250L) (55)

Alternatively the exact expansion of G(-ug|ug;L) around
L =0 is found to be

G(‘UQIUO;L) =
Yer 2132 (~1)H2 + 1) exp[-2(2l + 1)?/4L + VL]
=0
(56)

as shown in Appendix B. It is seen that eq 55 agrees with
eq 56 with only the [ = 0 term retained. This is a justi-
fication of the present approach, especially the approxi-
mation of eq 36 by eq 37 and similar ones.

II1. Ring-Closure Probabilities for Large Contour
Length

Our starting equation is the expansion of the Green’s
function G(R,Q|Qq;L) for the HW chain, as given by eq 27
of SMHWC-V1?

G(R,QIQL) =
o o o

Ty R;L) DPH(Q) DI (Qo) YT ™1(0,8)
20 [misl; bi<i;

(57)

where R = (R, ©, ®) in spherical polar coordinates, Y['are
the normalized spherical harmonics, D7¥(2) 0 <8<, 0
< ¢ <27, 0=y < 27) are the normahzed Wigner func-
tions, with the asterisk indicating the complex conjugate,
and [; satisfy the trlangular inequalities. If we put R =
0 and Q= Q,=1(0,0,0) in eq 57 and use the relations
g=(0;L) = 0 for Iy = 0, DV (0,0,0) = [(2] + 1)/87%] /%,

= (47)7V/2 with eq 28 of SMHWC-V,® and eq 29 and
32 of SMHWC-IX,? we obtain

G(0,Q|Q0;L) =
(879 (47) 1/22 2(2 8;00(21 + 1)§RN(0;L) (58)

Jj=0 I=;

where & is the real part of §-.

Now, for the KP1 chain, if we follow the development
of SMHWC-V, recallmg that the angular correlation
function g/ (s) is given by eq 55 of SMHWC-VIIIL,2 then
we obtain the interesting relation

9WI(R;L;0,7y) = expl—(oj® + ijro)L] X

SWI(R;Lio = 15 = 0) (59)
where we note that § is real for ¢ = 75 = 0, as deduced
from eq 8, 23, and 28 of SMHWC-V and eq 50 of

SMHWC-IX with [; = 0. Substitution of eq 59 into eq 58
leads to
G(0,2|Q0;L) = (872 1L F(L) cos (jroL) (60)
j=0

with
Fi(L) = (2~ 8;p) X

(4m)1/2 exp(—ajZL)li(Ql + 1)GIOsLi0 = 74 = 0) (61)
=)
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Next, integrating both sides of eq 57 over Y and Y,
dividing by 27, and putting R = 0 and u = u; = e,, we
obtain

G(0,uglug;L) = (4m)1F(L) (62)

Finally, integrating both sides of eq 57 over Q and €,
dividing by 8«2, and putting R = 0, we obtain

G(O;L) = (47)1/290°(0;L) (63)

A. The Daniels Approxlmatlon. In the Daniels ap-
proximatlon, ¢ is expanded in inverse powers of L, sup-
pressing all exponentlal terms of order exp(-const-L), so
that for the KP1 chain %#(R;L) may be set equal to zero
for j # 0, as seen from eq 59. We therefore have

872G (0,Q0|Q;L) = 47G(0,upjug L) =

3 \¥? 11 103
—_— -+ + -3
(27rL) [1 8L  1920L* o )] ©
where the second equality has been obtained from eq 16
of ref 3 with u = u, Thus, in this approximation, G-

(0,9)90;L) is independent of ¢ and 7. In the same ap-
proximation, G(0;L) is given by®

3 )% 5 79
GO:L) = (2 L) [1 8L~ gaol? |
B. Weighting Function Method. This method pro-
vides a least-squares approximation of § by a polynomial
with a suitable weighting function as in eq 16 of
SMHWC-VL2 Then the mth approximation to §%2% (R;L)
may be written in the form

%JJ(R L) = (

O(L™) ] (65)

s\ .

w(p) T Mi,(L)p?* (66
2R (p)k=0 {x(L)p™  (66)
where we choose, as the weighting function w(p), wy(p) of
SMHWC-VI, i.e.

w(p) = exp[-a;p? - axp* ~ (bp?"] (67)

3 1/2
)= (2<R2)) R (68)

Note that w(p) with a, = 0 is the weighting function of
Fixman and Skolnick,? who originally proposed this me-
thod. The coefficients a;, a,, b, and Mj, are functions of
L. The first three of them are first determined in such a
way that the normalized weighting function alone gives the
exact moments (R?), (R*), and (R®), and then Mj,(L) (k
= (~m) are determined in such a way that the G(R,2|Q;L)
given by eq 57 with eq 66 and this w gives the exact mo-
ments (R2™" DY (Q,)) (m’ = 0-m). All these moments may
be evaluated following the method previously devel-
oped.19:3031

With the values of §7(0;L;6 = 74, = 0) thus evaluated
with m = 6 and for 0 < j <[ < 5, G(0,Q)|Q;L) has been
found to be convergent for L > 2.8-3.0. On the basis of
these values, we have then constructed interpolation for-
mulas for F;(L), since all the coefficients above can only
be determined numerically. The results are

with

3
Fo(L) = L fouL ™3/
k=0

4
Fy(L) = exp[-(2 + o)L]z.Ome"*

F(L)=0 (jz2) (69)
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Table 11
Values of the Numerical Constants in Eq 69
k for fir
0 0.3346 ~-0.1856
1 -0.4810 2.353
2 -0.04212 2.344
3 0.1495 ~18.47
4 16.37
0.06 4
0.04 +
=
z
0.02+
0]
0 i 42 3 4
L

Figure 2. Linking-number-dependent oJ factor / plotted against
reduced contour length L for various values of AN. The values
are those from the configuration integral.

where f,;, and f;; are numerical constants, and their values
determined by the method of least squares are given in
Table II. The values of G calculated from eq 60 or 62 with
eq 69 agree with the original values by the weighting
function method to within 1% for 2 < L < 4 (although the
latter are not reliable for L < 2.8). For L = 4, we may use
the Daniels approximation, i.e., eq 64, since the values by
the weighting function method agree well with those from
eq 64. Recall that the weighting function method is valid
over a wider range of L.%

The values of G(0;L) by the weighting function method
agree with those from eq 50 for 2 S L < 4 and those from
eq 65 for L 2 4 to within 1%.

IV. Numerical Results

In this section, we examine numerically the behavior of
the ring-closure probabilities as functions of total contour
length L, all lengths being still reduced.

We first consider the linking-number-dependent oJ factor
Jn(L) defined by

Jy(L) = 872G(0,Q0/%:N,L) (70)

The values of Jy(L) calculated from eq 70 with eq 37-39
for o = 0 and for the indicated values of AN are plotted
against L in Figure 2. It is seen that Jy(L) exhibits a
maximum for 0 < [AN] £ 1 and that at constant L < 3, it
decreases with increasing |AN| and becomes negligibly
small for [AN] 2 1.4. In this connection, recall that the
circular configuration is never stable for |AN|/(1 + o) >
312, We note that as ¢ is increased from 0 to 0.5, Jy with
AN = 0 and also its dependence on AN become small. In
any case, it may be concluded that Jy only with N = N*
and N* + 1 make significant contributions, where N* is
an integer closest to 7,L /27,

Then it is convenient to introduce a parameter (auxiliary
variable) r (0 < r < 1/,) defined by

r = |1l /27 — N*| (71)
Its meaning is the following: If the linear chain, which is

initially in the undeformed state, is deformed so that its
contour is always confined in a plane, we must twist or
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0.06

0.04
|
4

Jin)

0.02r

0

0 | 2 3

Figure 3. J factor plotted against reduced contour length L for
g =0andr = 0and 0.5. The full curves represent the values from
the configuration integral for small L, and the broken curves those
by the weighting function method for large L. The dotted curves
indicate empirical interpolations.

untwist one end with respect to another by at least r turns
in order to join them so that @ = Q,. Since N* is a step
function of L, r is a periodic function of L, i.e.

IrolL [0l 1
= e— L — L —
r(L) o k fork < o S k + 5
|7olL 1 |7l
ril)=1-—+k% fork+-<——<k+1 (72)
2r 2 27

with k& being nonnegative integers.

Now, the three values of N mentioned above correspond
to AN = r and r £ 1, and therefore, the J factor defined
by eq 1 may be expressed as

1
JIL)y= X Jyl) (73)
AN-r=-1
provided that L is small. The values of J(L) calculated
from eq 70 and 73 with eq 37-39 fors = O0and atr = 0
and 0.5 are represented by the full curves in Figure 3. The
broken curves represent the corresponding values (by the
weighting function method) calculated from eq 1 with eq
60 and 69. Note that the dependence on r of the latter
values arises from the factor cos (j7,L) in eq 60, which is
seen, from eq 71, to equal cos (27jr). The values for small
L (full curves) and for large L (broken curves) may be
interpolated smoothly, as indicated by the dotted curves.
If necessary, an empirical interpolation formula, as given
in Appendix C, may be used to do this.

The values of J(L) thus calculated as an explicit function
of L with eq 72 for 7, = 5w are represented by the full
curves in Figures 4 and 5 for ¢ = 0 and 0.5, respectively.
The dotted curves with r = 0 and 0.5 indicate the upper
and lower bounds, respectively. The broken curves rep-
resent the values of the J factor J(;,(L) defined by

J(l)(L) = 41rG(0,uo|u0;L) (74)

which have been calculated from eq 45 for L < 1.9 and eq
62 with eq 69 for 2.8 < L < 4 (and also eq C4). It is seen
that J(L) oscillates around J(;,(L), the amplitudes of os-
cillation being larger for ¢ = 0 than for ¢ = 0.5. This seems
reasonable, since the effects of the torsional energy dis-
appear in the formal limit ¢ — . We note that for DNA,
1o = 200 if we assume A1 = 1100 A, the helix repeat 10.4,
and the distance 3.4 A between base pairs. As is seen from
eq 72, the period of oscillation of J(L) becomes short as
|7o| is increased.
Finally, we consider the J factor (L) defined by

J(O)(L) = G(0;L) (75)
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0 ! 2 3 4

Figure 4. J factor plotted against reduced contour length L for
o = 0 and 7y = 5=. The full curve represents the values as an
explicit function of L, and the broken curve those of the J factor
J(y) with the end tangents specified. The dotted curves indicate
the upper (r = 0) and lower (r = 0.5) bounds of J.

T T T

0.06r 4

0.04 -

JiL)

0.02f

0 I 2 3 4

Figure 5. J factor plotted against reduced contour length L for
g = 0.5 and 7, = 57; see the caption of Figure 4.

Its values calculated from eq 50 for L < 4 are represented
by the full curve in Figure 6. Recall that they agree well
with the values by the weighting function method for 2 <
L 5 4. Asis expected, J()(L) is larger than J;,(L) and J(L)
in the range displayed. For comparison, the corresponding
Yamakawa—-Stockmayer (YS) values calculated from eq 62
with eq 60 and 61 of ref 3 are represented by the chain
curve, and the recent Monte Carlo values of Hagerman?®
by the open circles. The YS values are somewhat over-
estimated near the peak, while the Hagerman values are
rather in good agreement with ours calculated from eq 50.

V. Comparison with Experiment

In this section, we make an analysis of the experimental
data for the J factor for DNA obtained by Shore et al.! and
very recently by Shore and Baldwin.®® In principle, A\,
g, and 7o may be determined conveniently from a best fit
of a double-logarithmic plot of the theoretical J(L) against
L to that of the observed J (in mol/L) against the number
npp of base pairs in the DNA fragment. Note that 7, is
related to the helix repeat n, by the equation 7, = 27/ ngly,,
where [, is the distance between base pairs, for which we
assume 3.4 A.

With the data of Shore et al.,! however, it is difficult to
make such a precise analysis. Therefore, we attempt to
determine only A and &, considering only the upper (r =
0) and lower (r = 0.5) bounds of the theoretical J(L).
Figure 7 shows the results of the analysis. The points
represent the observed values.! (These values are twice
the original ones,! which are in error.3®) The full curves
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Figure 6. Angle-independent o factor Jig, plotted against reduced
contour length L. The full curve represents the present values
from the configuration integral, the chain curve Yamakawa and
Stockmayer’s values,® and the open circles Hagerman’s Monte
Carlo values.®

-8 T T T

log J

9 1
2.0 2.5 3.0 35 4.0
log Moo

Figure 7. Double-logarithmic plots of the J factor (in mol/L)
against the number ny, of base pairs for DNA, The filled circles
represent the experimental data of Shore et al.'*® The full curves
represent the best fit theoretical values of the upper and lower
bounds with A™! = 950 A for ¢ = 0, and the broken curves those
for o = 0.5. The present and Yamakawa—Stockmayer theoretical
values of the angle-independent J factor Jjp) with the same A™!
are also included.

represent the best fit theoretical values of the upper and
lower bounds with A1 = 950 A for ¢ = 0, and the broken
curves those for ¢ = 0.5. For comparison, the present and
YS theoretical values of J(, with the same \! are also
included. First, it is seen that the agreement between
theory and experiment is very much improved if we use
the J factor J(L) with the orientations specified instead
of the angle-independent one J(,(L), as is expected.
Further, the assignment of ¢ = 0 is then seen to be much
better than ¢ = 0.5.

Very recently (just after the draft of this paper was
prepared), the new, more accuraté data, although in the
narrow range of ny,, obtained by Shore and Baldwin3?
became available to us. Figure 8 shows a precise analysis
of these data. The full curve represents the best fit the-
oretical values with A\l = 900 A, ¢ = -0.4, and n, = 10.46,
while the broken curve represents those with A1 = 950 &,
o = —0.2, and ny, = 10.46, ignoring the largest three ob-
served values.

The values of A™! above are to be compared with the
estimate of A1 = 1000 A by Hagerman,* and the value
10.46 of n, above with the estimates of ny = 10.4-10.6 by
Wang?® and Rhodes and Klug.* The two sets of estimates
of Al and ¢ in Figure 8 lead to the torsional constants C
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Figure 8. Double-logarithmic plots of the J factor (in mol/L)
against the number ny,;, of base pairs for DNA. The filled circles
represent the experimental data of Shore and Baldwin.®® The
full curve represents the best fit theoretical values with A1 = 900
A, ¢ = 0.4, and ny = 10.46, while the broken curve represents
those with A1 = 950 A, ¢ = -0.2, and ny = 10.46, ignoring the
largest three observed values.

(=8) equal to 3.0 X 10°1% and 2.4 X 1079 erg cm, respec-
tively. These are larger than the value 1.4 X 107 erg cm
(corresponding to ¢ = 0.5) obtained by Thomas et al.?” and
Millar et al.®® from fluorescence depolarization data.
(Recall that ¢ ~ 0.5 for most bulk polymeric materials.)
In this connection, we note that in the application of the
HW chain to flexible chains, o is usually assumed to be
zero, since the equilibrium conformational behavior is
rather insensitive to variation of ¢.57 Since we are con-
sidering local elasticity on the atomic or molecular level,
the assignment of ¢ = 0 (or <0) is not necessarily sur-
prising.

VI. Concluding Remarks

We have evaluated the ring-closure probability with the
end orientations specified for a special case of the HW
chain, i.e., the KP1 chain, to primarily explain the ex-
perimental data obtained by Shore et al. for DNA. In
particular, for small L, evaluation has been possible
through the linking-number-dependent ring-closure
probability. The specification of the linking number is
closely related to the imposition of nonperiodic boundary
conditions on the distribution functions. Evaluation of
them with such boundary conditions is possible near the
rigid rod limit!3 and also near the rigid ring limit as in the
present theory. However, it is difficult when large fluc-
tuations are allowed, as seen from the present develop-
ment. Indeed, for the HW chain, we have previously®?
derived the differential equations satisfied by the Green’s
functions with periodic boundary conditions, so that they
may be expanded in terms of the Wigner functions D77,
with ! being nonnegative integers, as in eq 57. Of course,
nonperiodic boundary conditions can be imposed in the
mechanical (not statistical) problems such as the deter-
mination of the most stable configuration under con-
straints, 112

The present analysis indicates that for DNA, the J factor
is also a useful quantity from which both A and ¢, or the
bending and torsional elastic constants, and also n, may
be determined. Our equation for Jy may be applied to an
analysis of topoisomer distribution data, provided that L
and |AN| are small.
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Appendix A. Quadratic Forms

In matrix notation, if xT = (86, ..., 80,_1, 8¢'4, ..., 8¢ p1,
W1, ey 8Y,_y) is the (3n - 3)-dimensional row vector, with
the superscript T indicating the transpose, the potential
U, given by eq 26 may be written in the quadratic form

U, = &XT-A-X (A1)
with
M+ N a¢*S  AV*S
A=| a¢*sT M 0 (A2)
av*sT 0 (1+0)'M

where A¢* = 2r/n, AY* = 2rAN/n,and M, N, and S are
the (n — 1) X (n -1) matrices whose pg elements (1 < p,
g < n - 1) are given by

Mpg = 2650 = dp 001 ~ 8p g1 (A3)

Ny = ‘m(mﬁ*)z(%m + 841 T Opg-1) (A4)
1

Spq = 2(1—_',0_)(5p.q+1 = dpg-1) (A5)

In the case of G(0,uglugL), if xgT = (86, ..., 86,,_1, 8¢';,
ey 0¢',_1) is the (2n — 2)-dimensional row vector, the
quadratic form Ug, from the potential Uy is given by

n
U = EXBT'AB'XB (AB)
with
Ag = [};‘ *N ‘13,,] (A7)

where M and N are the (n — 1) X (n — 1) matrices whose
pq elements (1 < p, ¢ < n - 1) are given by eq A3 and A4
with o = =, respectively. In the case of G(—ugjugyL), the
quadratic form is given by eq A6 with eq A7, where A¢*
= x/n (instead of A¢* = 27r4n).

In the case of G(O;L), if 5" = (80, ..., 66, 6¢'y, ..., 6¢',)
is the 2n-dimensional row vector, the quadratic form Uy,
is given by

N n.ome .

Usy = EXBT'AB'XB (A8)
with

KB=[}}“N %I] (A9)

where M and N are the n X n matrices whose pq elements
(1 £ p, g £ n) are given by

My = 55(2 = 85) (1 = 172y, €08 §*,) = 641 — gt
(A10)
Npq = ~Yilbpgl (M%) + (86%5,1)%(1 - 8,1 +
Bpar1 (86 )2 + 80 (A8%,00)% (ALL)
with A¢*, = ¢*, — ¢*, |, where ¢*, is given by eq 46.
Appendix B. Derivation of Eq 56

If we choose uy = e, and u = —e, in eq 13 of ref 3, we
readily obtain
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Gl-uglugL) = (4m) 15 (-12! + 1) exp[=I(i + 1)L]
[=0
(B1)

This is the expansion around L = =, The expansion
around L = 0 may be obtained by the use of Jacobi’s
imaginary transformation®
1
- = B2
t) (B2)

2\ 1/2 )
94(z2t) = l(%) exp(—%)%(%
3 (2t) = 2{',(—1)‘ explint(l + %)?] sin [(2] + 1)z} (B3)
=0

for the elliptic ¥, function defined by

Differentiation of both sides of eq B2 with respect to z
leads to

S (1)@ + 1) expl-( + %)2L] =
1=0
1r3/2L‘3/2f§(—1)’(21 + 1) exp[-7¥( + ¥%)?/L] (B4)
=0

where we have put z = 0 and ¢t = iL/7. From eq Bl and
B4, we obtain eq 56.

Appendix C. Interpolation Formulas

We first construct an empirical interpolation formula
for J(L) for intermediate L. Let L, be the value of L at
which the value of J given by eq 73 agrees with that of J
given by eq 1 with eq 60 and 69, both for a given value of
r. It may be determined graphically. Let J; and J’; be
the values of the former / and its first derivative with
respect to L at L = L, — 0.4 = L, respectively, and let J,
and J’; be those of the latter J and its first derivative at
L =Ly, + 0.4 = L,, respectively. J’; and J’; may be cal-
culated from

1 13 2 (AN)?
' = 8n2 =+ T+ +
I = 8r aN—=-1f 2L; L2 1 1+o
1
C,(AN,o) + y G(0,20|Q;N,L,) (C1)
3
Jy = —E’o(% + k)foLo /%% ~

4

cos (27rW(2 + o)F (Ly) + exp[—(2 + o)Ly] 2 kf,, L7178
k=1

(C2)

where in eq C1, G(0,Q|Q;N,L) and C, are given by eq 37

and 39, respectively, and in eq C2, F; is given by eq 69 and

f are given in Table II. Then a good interpolation formula

for J(L) at constant r, which we designate by J(L,r), is
J(L,;r) =J; + J'1(L - L) - 1.5625[3(J, - Jo) +

0.8(2J"; + J')UL — Ly)? + 1.9531[2(], — oJ,) +
0.8(J"; + J'NL - Ly)? (L, < L <L, (C3)

J(L) as an explicit function of L in this range may be
calculated from eq C3 and 72.
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A similar interpolation formula for J;,(L) defined by eq
74 is

Jy(L) = 0.03882 + 0.003494(L - 1.9) -

0.01618(L - 1.9)? + 0.008601(L - 1.9)® (1.9 < L <2.7)
(C4)
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